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Abstract: Lamb wave propagation in one-dimensional hexagonal piezoelectric quasicrystal (PQC) layered plates is
investigated. The coupled phonon, phason, and electric fields are considered simultaneously, and a multilayered plate model with
traction-free and electrically open-circuited surfaces is established. By introducing rectangular window functions and expanding
the field variables in each layer using Legendre polynomials, the governing wave equations are transformed into a matrix
eigenvalue problem, from which the phase velocity dispersion characteristics are obtained. The effects of phonon—phason
coupling, layerthickness, stacking sequence, and piezoelectric properties on Lamb wave behaviorare systematically examined.
The results show that the stacking sequence and layer thickness have a pronounced and mode-dependent influence on the
dispersion curves, indicating that guided-wave characteristics can be effectively tailored through structural design. Moreover,
the piezoelectric effect increases the phase velocities of both phonon and phason modes, while an increase in the dielectric
constant weakens this effect. The dielectric constant of the middle layer plays a dominantrole at low frequencies, whereas t hat
of the surface layer becomes more influential athigh frequencies. These findings provide theoretical guidance for the design of
multifunctional PQC layered structures with controllable wave characteristics.
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1. Introduction

Piezoelectric quasicrystal (PQC) materials combine the
aperiodic long-range ordered structure of quasicrystals with
the electromechanical coupling characteristics of
piezoelectric media, exhibiting remarkable mechanical,
electrical, and wave propagation properties [1, 2]. Compared
with conventional piezoelectric crystals, PQC materials
possess additional phason degrees of freedom beyond the
conventional phonon field, leading to more complex
multiphysical coupling. Owing to these unique characteristics,
PQC materials have shown considerable potential in
advanced functional devices and smart structural systems,
such as acoustic wave manipulation, ultrasonic transducers,
intelligent sensing, energy conversion, and structural health
monitoring [3-5]. In practical engineering applications,
layered structures are widely adopted because they provide
greater flexibility to tailor material performance through
stacking-sequence design, thickness variation, and material
combinations [6]. Consequently, PQC layered structures have
attracted increasing attention as promising multifunctional
composites with tunable wave characteristics and enhanced
electromechanical performance. Therefore, investigating
wave propagation in PQC layered platesis of both theoretical
significance and engineering importance.

Among various guided waves in plate-like structures,
Lamb waves have been extensively studied due to their
dispersive and multimodal characteristics, as well as their
high sensitivity to structural discontinuities and material
inhomogeneity [7]. Over the past decades, Lamb wave
propagation in elastic and piezoelectric layered plates has
been widely investigated in the context of nondestructive
evaluation, damage detection, and wave control. Existing
studies have demonstrated that the propagation characteristics

of Lamb waves can be effectively manipulated by changing
material anisotropy, thickness distribution, and electrical
boundary conditions. In conventional piezoelectric layered
structures, the electromechanical coupling effect significantly
influences phase velocity dispersion, modal characteristics,
and energy transmission behavior [8-10]. These findings
provide an important theoretical foundation for the
development of wave-based smart structures and functional
composites.

The discovery of quasicrystals by Shechtman et al. [11]
fundamentally extended the framework of classical solid
mechanics. Unlike periodic crystals, quasicrystals possess
long-range orientational order without translational
periodicity and exhibit additional phason fields associated
with atomic rearrangement. To describe these unique
characteristics, generalized elasticity theories incorporating
phonon—phason coupling were established by Lubensky et al.
[12] and Bak [13]. Based on these theories, extensive
investigations have been conducted on the static and dynamic
behaviors of quasicrystal materials [14-16]. Previous studies
revealed that the phonon—phason coupling effect can
significantly modify wave dispersion behavior, generate
additional wave modes, and alter energy transpornt
mechanisms [17]. More recently, wave propagation in
quasicrystal plates, functionally graded structures, and
piezoelectric quasicrystal media has gradually become an
active research topic.

Despite these developments, studies on Lamb waves in
PQC layered plates remain very limited. Most existing
investigations mainly focus on single-layered or functionally
graded quasicrystal structures [18-20], while the effects of
structural  heterogeneity introduced by multilayered
configurations have not been systematically clarified. In
particular, the combined influences of phonon—phason



coupling, piezoelectric effect, layer thickness variation, and
stacking sequence on guided wave propagation are still not
fully understood. Therefore, it is necessary to develop stable
and efficient theoretical formulations for analyzing wave
propagation in PQC layered structures.

Motivated by the above considerations, the present study
investigates Lamb wave propagation in one-dimensional
hexagonal PQC layered plates. Based on the generalized
theory of piezoelectric quasicrystals, the governing equations
involving phonon, phason, and electric fields are established
simultaneously. By introducing Legendre polynomial
expansions, the wave problem is transformed into a matrix
eigenvalue formulation, which provides an efficient and
numerically stable approach for solving the dispersion
characteristics of PQC layered plates. The effects of layer
thickness, stacking sequence, and piezoelectric properties on
the propagation characteristics of Lamb waves are
systematically analyzed. The results obtained provide useful
theoretical guidance for the design and optimization of PQC-
based acoustic filters, waveguides, sensors, and adaptive
layered composite components.

2. Mathematics and Formulation

We consider a horizontally infinite N-layered PQC plate
with a total thickness of hN, as shown in Figure 1. The
horizontal plane (x, y) is located at its upper surface, and the
layered structure is arranged in the positive z-direction. Lamb
waves propagate along the x-direction. The quasi-periodic
direction is along the z-direction.
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Figure 1. Schematic diagram of an infinite N-layered PQC plate
Based on the Bak model and neglecting body forces and

1, ,.(2) = Heaviside[ h,] - Heaviside[ h, ] = {

Where ho =0.

In this way, the boundary conditions are automatically
embedded into the constitutive equations, leading to the
following constitutive equations for a PQC layered plate.

external electric fields, the dynamic equations for the PQC
layered plate are written as follows [18]:
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Where 0 isthe material density. #; and W; represent
the displacements in the phonon and phason fields,
respectively. 7;-] and H, j are stresses in the phonon and

phason fields, respectively. Di is the electric displacement.

The generalized relations between strains and
displacements, electric field strength, and electric potential
are expressed as follows [19]:
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Where & and Wj; represent the strains in the phonon
and phason fields, respectively. E; is the electric field

strength, and ¢ is the electric potential.

For layered PQC plates, the traction-free and electrically
open-circuited boundary conditions are assumed at the top
and bottom surfaces, which means the phonon and phason
tractions, as well as the normal electric displacement, vanish
at the top and bottom surfaces

( T;z:];cz:]—;fz:sz:Hzx:sz=Dz=O )

Furthermore, the displacements and stresses are continuous at
the interlayer interfaces.

To address the traction-free and open-circuited boundary
conditions, a rectangular window function consisting of
Heaviside step functions is introduced.

Lhy<z<h,

0, elsewhere @)
Since both the quasi-periodic direction and the polarization
direction are along the z-axis, the phason displacement
components in the x and y directions are zero, while the
phason displacement component in the z direction is non-zero.
The constitutive relations are written as follows:
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Where C’z] ,K., R are the elastic parameters in the dielectﬁc coefficients for the phonon and phason fields,
) respectively.
phonon and phason fields, and the phonon-phason coupling For the N-layered PQC plates, material properties can be
coefficients. €, d,] »€;; denote the piezoelectric and written in the following form.
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Where C, ,Kn R,nap e :dz, ,E are the material Thg displacgments in the phonf)n and phason. fields,and the
4 4 electric potential can be written in the harmonic form.
parameters of the Nth layer.
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Where U(z), V(z), W(z), and y(z) represent the amplitudes Substituting Eq. (2-6) into Eq. (1) yields the corresponding
of the phonon and phason displacement components, governing wave differential equation.
respectively, and X(z) is the amplitude ofthe electric potential.
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Where the prime ' denotes the derivative with respect to the displacement components and the electric potential of each
variable z. layer into a series of Legendre polynomials.
To satisfy the continuity of stresses and displacements at For the first layer:
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Substituting Egs. (8)-(10) into Eq. (7), multiplying both M, and then integrating with respect to z from 0 to hN, the

sides by Ql (Z),Q2 (z)- QN(Z) , with j ranging from 0 to following characteristic matrix is obtained by utilizing the
J J J orthogonality of Legendre polynomials.
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So far, the governing equations are thus reduced to a to be composed of two types of piezoelectric quasicrystal
generalized eigenvalue problem to be solved. For the givenk, materials, abbreviated as PQC1 and PQC2. Their material
the eigenvalues related to o can be obtained. constants are listed in Table 1.

3. Numerical Results

The PQC layered plate considered in this paper is assumed



Table 1. Material parameters of PQCI1 and PQC2

Property Cia Ciz Ci3 Ca2 Ca3 Cs3 Cag Css
PQC1 23.433 5.741 6.663 23.433 6.663 23.222 7.019 7.019
PQC2 20 10 10 10 15 5 5

Ces p R4 R3 Ky K, €is

PQC1 8.846 4.186 0.8846 0.8846 0.8846 122 24 11.6

PQC2 5 5.07 0.5 0.5 5 2 12.7

€31 €33 €24 ds3 dos Enl €33

PQC1 -4.4 18.6 11.6 1.16 1.86 1.16 5 10

PQC2 -5.2 15.1 12.7 1.27 1.51 1.27 6.5 5.6
Units:  Cij(10'°N/m?),  p(103kg/m?),  Ri(10°N/m?), stacking sequence has a significant influence on the phase

Ki(10°N/m?), eij, dij(C/m?), €;;(10-°C?/(N*m?))

First, the dispersion characteristics of Lamb waves in the
PQC layered plates and the corresponding piezoelectric
crystal (PC) plate are investigated. Figure 2 presents the phase
velocity dispersion curves for the PQC plate with a
PQC1/PQC2/PQC1 stacking sequence and thicknesses of
Imm/2mm/Imm. For the corresponding PC plate,

K,j :R;j =0 s set, while the other material constants

remain unchanged. It can be seen that, similar to the single-
layered and graded PQC plates, the first three modes have no
cut-off frequency. They are A0, SO and PLO (the first phason
mode) modes. The phonon modes exhibit similar wave
characteristics to the elastic modes ofthe layered crystal plate,
and the influence ofthe phonon-phason coupling effect on the
phonon modes is very weak. Furthermore, the additional
modes correspond to the phason modes owing to the phonon-
phason coupling effect.
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Figure 2. Phase velocity dispersion curves of Lamb waves in the
PQC and PC layered plates

Subsequently, the effects of variation in layer thickness and
stacking sequence on the wave characteristics of the PQC
layered plates are investigated. Figure 3 illustrates the
influence of variations in the layer thickness on the phase
velocity dispersion curves. It can be observed that increasing
the thickness of the PQC1 layer leads to an increase in the
phase velocities of both the phonon and phason modes. This
is because increasing the thickness of the PQCI1 layer
effectively increases its volume fraction. Furthermore, as can
be seen from Table 1, the elastic parameters of both the
phonon and phason fields in PQC1 are higher than those in
PQC2. Although the density also changes, the increase in
effective stiffness dominates the phase-velocity variation in
the considered case. Consequently, this results in an overall
increase in the corresponding phase velocities.

Then, the effect of the stacking sequence on the wave
characteristics is analyzed. In this case, the thickness of the
PQC2 layeris kept constant at 2 mm, while the thicknesses of
the PQC1 layers are both set to 1 mm. The corresponding
phase velocity dispersion curves are presented in Fig. 4. The

velocities. Moreover, its impact varies notably between
different phason and phonon modes. In summary, the desired
wave characteristics can be achieved by tailoring the layer
thickness and stacking sequence of the PQC layered plates.

10

—2mm/Imm/lmm
8 — Imm/2mm/lmm

fh[MHz*mm]

Figure 3. Phase velocity dispersion curves of the
PQC1/PQC2/PQCI1 plate with different layer thicknesses
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Figure 4. Phase velocity dispersion curves of the PQC layered
plate with different stacking sequences
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Figure 5. Phase velocity dispersion curves of the PQC and QC
layered plates

Piezoelectric coupling is a key feature that strongly affects
guided-wave propagation. Figure 5 presents the phase
velocity dispersion curves for both the laminated



piezoelectric quasicrystal plate and the laminated quasicrystal
plate. The structural parameters for the laminated
piezoelectric quasicrystal plate are: PQC1/PQC2/PQC1 with
thicknesses of lmm/1 mm/1mm, while those for the laminated
quasicrystal plate are: QC1/QC2/QC1 with thicknesses of
Imm/Imm/Imm. For the laminated quasicrystal plate, the
electric field material constants are set to zero, while all other
material constants remain identical to those of the laminated
piezoelectric quasicrystal plate. As can be seen from Fig. 5,
the presence of the electric field increases the wave velocities
of both the phason and phonon fields in the laminated
piezoelectric quasicrystal plate, a characteristic that is
consistent with crystal plates.

Subsequently, the effects of the outer and middle layers on
the piezoelectric effect are discussed. For both phonon and
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phason modes, the piezoelectric effect is inversely
proportional to the dielectric constant [19], that is, an increase
in the dielectric constant leads to a decrease in the phase
velocities ofthe phonon and phason modes. Assuming that all
three layers of the PQC plates are composed of PQC1, the
dielectric constants of the first and middle layers become

5x € , respectively. The corresponding phase velocity

dispersion curves for the AO mode are shown in Fig. 6. It can
be observed that the phase velocity decreases as the dielectric
constant increases. Furthermore, at low frequencies, the
variation in the dielectric constant of the middle layer has a
greater impact on the piezoelectric effect. Whereas at high
frequencies, the variation in the dielectric constant ofthe first
layer (surface layer) exerts a more significant influence.
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Figure 6. Phase velocity dispersion curves of the A0 mode for PQC layered plates with different dielectric constants

4. Conclusions

Using the Legendre polynomial method, the propagation
characteristics of Lamb waves in one-dimensional hexagonal
PQC layered plates are investigated. The effects of the
piezoelectric effect, layerthickness, and stacking sequence on
the wave characteristics are analyzed. Based on the
theoretical results mentioned above, the following
conclusions can be drawn:

The desired wave characteristics can be achieved by
varying the layer thickness and stacking sequence ofthe PQC
layered plate.

The piezoelectric effect increases the phase velocities of
both the phason and phonon modes for Lamb waves.

At low frequencies, the variation in the dielectric constant
of the middle layer has a greater impact on the piezoelectric
effect, whereas at high frequencies, the variation in the
dielectric constant of the surface layer exerts a more
significant influence.
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